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Abstract. We describe conditions under which a spacetime connection and a scaled 
Lorentzian metric define natural symplectic and Poisson structures on the tangent bundle 
of the Einstein spacetime. 

Introduction 

Geometrical structures induced on the tangent bundle of the Einstein spacetime play 
a fundamental role in the covariant classical and quantum mechanics. The covariant 
classical and quantum mechanics over the Einstein spacetime proposed in [31 15 is natural 
in the sense of jH |H1 1101 independent on the base of scales, so the "spaces of scales" 
are systematically used. Roughly speaking, a space of scales has the algebraic structure of 
IR^ but has no distinguished 'basis'. The basic objects of the theory (metric, 2-forms, 2- 
vectors, etc.) are valued into scaled vector bundles, that is into vector bundles multiplied 
tensorially with spaces of scales. In this way, each tensor field carries explicit information 
on its "scale dimension" . Actually, in this paper, we assume the space of lengths L . 
Moreover, denotes ®^L. 

In jiB El the classification of symplectic and Poisson structures on the tangent bundle of 
a pseudo-Riemannian manifold was given for a non-scaled metric g and a torsion free linear 
connection K. In this case the metric g and the connection K admit a family of symplectic 
2-forms T[g,K] or Poisson 2-vectors A[g,K] on the tangent bundle parametrized by a 
function fi{g{u,u)) satisfying certain conditions. Moreover, g and K are related by the 
condition that Vg is a symmetric (0,3)-tensor field. For a scaled metric g and a general 
spacetime connections the constructions of the 2-form T[g,K] and the 2- vector A[g,K] 
are the same but from the independence on the base of scales it follows that T[g,K] 
and A[(7, are unique, up to a multiplicative real constant. In this paper we generalize 
the results of [H Ej for a scaled metric and a general spacetime connection. Namely, we 
shall describe the condition under which the 2-form T[g, K] and the 2- vector A[g, K] give 
symplectic and Poisson structures, respectively. 

If £^ is a manifold, then the tangent bundle will be denoted by t[E] : TE E and 
local coordinates (x^) on E induce the fibered local coordinates {x^,x'^) on TE. By 
map(£^, E') we denote the sheaf of smooth maps. 
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1. Geometry of the spacetime 
Wc recall basec properties of the Einstein spacetime and its tangent bundle. 

1.1. Spacetime. We assume spacetime to be an oriented and time oriented 4-dimensional 
manifold E equipped with a scaled Lorentzian metric g : E ^ IJ^ {T*E (S> T*E) with 
signature (- + ++) . The dual metric will be denoted hy g : E ^ h*^ <^ {TE (g) TE). Let 
us note that the dimension is not relevant. Our results are valid for any dimension n > 3 
and a pseudo-Ricmannian metric of the signature (1, n — 1). 

A spacetime chart is defined to be an ordered chart x*) G map(-E, IR x JR^) of E , 
which fits the orientation of spacetime and such that the vector do is timelike and time 
oriented and the vectors 81,82,03 are spacelike. In the following we shall always refer 
to spacetime charts. Latin indices will span spacelike coordinates, while Greek 

indices X, fx, . . . will span spacetime coordinates. 

We have the coordinate expressions 

g = gxf^ <^d^ , with gx^ G map{E, (g) R) 
g = g^t' dx^df,, with g^^" e map{E, L*^ ® IR) . 

1.2. Spacetime connections. We define a (general) spacetime connection to be a con- 
nection K of the bundle t[E] : TE — * E . We recall that a connection K of the bun- 
dle TE E can be expressed, equivalently, by a tangent valued form K : TE 
T*E (g) TTE , which is projectable over T*E ® TE , or by the vertical valued 
form u[K] : TE T*TE (g) VTE . Their coordinate expressions are of the type 

(1.1) K = d^® {dx + i^A" 4) , v[K] = id" - Kx" d^) (g 4 , 

where Kx^ G m.a.\){TE, M) and {dx, dx) or {d^, d^) are the induced bases of local sections 
of TTE TE or T*TE TE, respectively 

The connection K is said to be linear if it is a linear fibred morphism over 1 : E ^ 
T*E (g TE . Moreover, the connection K is linear if and only if its coordinate expression 
is of the type 

Kx" = Kx\ , with Kx\ G mSipiE, IR) . 

The torsion of the connection K is defined to be the vertical valued 2-form 

t[K] =: -[§, K]:TE^ A.^T*E ® VTE , 

where [ , ] is the Proficher-Nijenhuis bracket and -& : TE —>■ T*E (g VTE is the natural 
vertical valued 1-form with coordinate expression — d^ <^ dx ■ We have the coordinate 
expression 

(L2) t[K] = d^Kx'' d^Ad^^d^. 

In the linear case, the torsion can be identified with a section t[K] : E h?T*E®TE 
and its coordinate expression turns out to be the usual formula t[K] = Kx^^ d^ /\d^^ ®d,^ . 
Thus, the connection K is linear and torsion free if and only if its coordinate expression 
is of the type 

Kx"" = Kx\ x'^ , with Kx\ = K/x e map(i;, M) . 
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We shall denote by K[g] the canonical torsion free linear spacetime metric connection 
given by V^f = 0. We have 

(1-3) K[g]^^^ = -i g^f" {d^gp^ + d^gp^, - dpg^y) . 

The curvature of the connection K is defined to be the vertical valued 2-form 

(1.4) R[K]=: -[K,K]:TE ^ K^T*E(^VTE, 

where [,] is the Frolicher-Nijenhuis bracket. We have the coordinate expression 

(1.5) R[K] = RlKjxp" d^Ad^"® 4 

= -2 (SaK/ + Kx' dpKp'') A ® a, . 
In the linear case, the coordinate expression turns out to be the usual formula 

(1.6) R[K] = R[K]xp\ x^'d^ A # ® 5^ 

= -2 {dxKp\ + K/. Kp%) x'^d^ A # ® 4 . 
Hence, in the linear case, the curvature can be identified with a section 

R[K] : E K^T*E ®TE® T*E , 
with the usual coordinate expression 

(1.7) R[K] = R[K]xp\ d^ A d^" ® d, ® d"" 

= -2 idxKp"^ + Kx", Kp%) d^ Ad^^d.^d'' . 

1.3. The Lie derivative and the exterior covariant differential with respect to 
a spacetime connection. A (general) spacetime connection K considered as a tangent 
valued 1-form on TE admits as usual, jB], the Lie derivative of forms on TE. Namely, 

L[K] (j) = {i{K) d - di{K)) (j):TE^ K'+^T^TE 

for any r-form : TE K''T*TE. Similarly we can define the Lie derivative 

L [R[K]] = {i{R[K]) d + di{R[K])) (f):TE^ A^+^T*TE . 

On the other hand a linear spacetime connection K admits covariant exterior differen- 
tial, [H], of vector- valued forms on E. We apply this operation on T*E-yalued forms on 
E and compare it with the Lie derivative. 

Let be an T*£J-valued r-form on E, or equivalently (j) : E ^ IVT*E ®e T*E be a 
section. The covariant exterior differential of (p with respect to K is then defined to be 
the T*£^-valued (r + l)-form on E given by 

r+l 

(1.8) dK(p{X,, ■ ■ • , Xr+i){Y) = ^(-l)^+iVx,(0(Xi, ■ • ■ , X„ ■ • ■ , Xr+l)){Y) 

i=l 

+ J2{-iy+^{[x„x,],x,,...,x„...,x„...,Xr+,){Y), 

i<j 

for any vector fields Y,Xi,--- , Xr+i on E. The vector fields Xi are omitted. 

Any T*£^-valued r-form on E can be considered to be a linear horisontal r-form on 
TE. Then we have 
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Lemma 1.1. Let (phc a linear horisontal r-form on TE and i^T be a spacetime connection. 
Then the Lie derivative L[K] is a hnear horisontal (r + l)-form on TE if and only if K 
is linear. Moreover, L[K] (j) and dK(t> coincides. 

Proof. Let is a hnear horisontal r-form given in coordinates by = ^pAi-.A,. ^'^ A 
...Ac/'*''', <?i>pAi...Ar € niap(£', IR). Then we have 

L[K] 4> = (a^<^pAi...A. xf + 0,Ai...A. i^/) # A A . . . A 

i.e., in the linear spacetime connection case, 

L[K] (t> = (a^(/)pA,..A. + ^aX,...Xr K^%) # A A . . . A c/^"^ , 

which imphes that L[K] ^ is a hnear horisontal (r + l)-form. 

On the other hand can be considered to be a T'*£^- valued r-form on E with coordinate 
expression = 4>p\i...\r d'' {d-^^ A ... A d^''). Then 

(^x<^ = (9^0Mi...A. + 4>aX,...Xr K^\) d'' (8) (d'^ A A . . . A rf^O . □ 

Remark 1.2. Now we shall apply L[K] and dx on specific situation of the scaled metric 
g. The metric g can be considered to be a ® T*^^-valucd 1-form on E. Then the 
covariant exterior differential (ii^g^ is a (g) T*i?- valued 2-form defined for any vector 
fields X, Y, Z by 

{dKg){X,Y){Z) = iVx{Y') - Vy{X') - {[X,Yf)){Z) , 

where ^ denotes the musical mapping g'' : TE — > (g) r*£^. We have the coordinate 

expression 

(1.9) dKg = {dxgp^ + g^^ Kx%) ® (d^ A . 

On the other hand the musical mapping g^ can be considered as a linear horisontal 1- 
form on TE with the coordinate expression g^ = gx^ i;'^ d'^ . Then we have the coordinate 
equation 

(1.10) L[K] g' = {dxgp, x'^ + gp, K/) A # 
and, if K is linear, 

(1.11) L[K] g' = {dxgpp + ga^. Kx%) x<^ d^ Kd\ 

i.e., in the linear case, L\K\ g^ is a linear horisontal 2-form on TE which can be considered 
to be a (8) r*£^ valued 2-form on E which coincides with dx g- □ 

1.4. Spacetime 2-forms and 2-vectors. The map Tt[E] : TTE TE , can be 

regarded as a vector valued 1-form v : TE — > T*TE ® TE , with coordinate expression 

TE 

V = d^ ^ d\ . 

We define the spacetime 2-form of TE associated with g and a spacetime connection 
K to be the scaled 2-form 

T[g, K]=: gj {iy[K] Av) :TE K^T*TE . 

We have the coordinate expression 

(1.12) i:[g,K]=gx,{d>^-K,^d'')Ad^ 
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and, if K is linear, 

(1.13) T[^, K] = gx, {d^ - K,\x'dn A # 

We define the spacetime 2-vector of TE associated with g and a spacetime connection 
K to be the scaled 2-vector 

A[g, K]=: gj{K A^) -.TE ^ L*^ ® A^TTE . 

We have the coordinate expression 

(1.14) A[g, K] = g^f^ [dx + K^" d,) A d, 
and, if K is linear, 

(1.15) A[g, K] = g^^^ {d^ + 4) A . 
Lemma 1.3. We have 

i{A[g,K])T[g,K] = -4. 

Proof. We have 

t{A[g,K])T[g,K] = -g^^g,^ = -A. □ 

2. Induced structures on the tangent bundle of the spacetime 

We study symplectic and Poisson structures induced on the tangent bundle of the 
spacetime by the metric g and a spacetime connection K. 

2.1. General spacetime connection case. Let us assume a spacetime connection K 
given by (jl.lj) , the spacetime 2-form T[g, K] given by p.l2|) and the spacetime 2-vector 
A[g,K] given by (fMljl . 

Lemma 2.1. T[g, K] is closed if and only if the following two conditions are satisfied 

(2.1) dugx^ + gpt, dxK/ - d^gxu - gp^^ d^K/ = 

(2.2) R[K]xp. + R[K]^,x + R[KUp = , 
where we have set R[K]xfiu = Qpu R[K]xp.^- 

Proof. It follows immediately from the coordinate expression 
dT[^, K] = -{dxgpu + gp, dxK.P) A d'' A d'' 

- {d^gxu + gp. dxKpP) d^Ad^A d" 

= ^ R[K]xpu d^Ad^A d" 

- {dpgpu + gau dpK,^) {dP - rf") A # A d^ □ 

Now we shall describe the geometrical interpretation of the equations (j2.H) and (j2.2j) . 
Let us consider the Liouville vector field I = dx ■ 
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Lemma 2.2. The conditions ()2.H1 and ()2.2|1 are equivalent with 

(2.3) L[I]L[K]g' = Q 
and 

(2.4) L[K]L[K]g' = 
respectively. 

Proof. We have 

L[I]L[K]g'= {i{I)d + di{I)) {{dxgp^x'' + g,^Kxnd^/\d^) 
= x''{dxgp, + g.,d,Kxnd'Adr 

It is easy to see that L[I] L[K] = ii and only if the condition 1)2.11) is satisfied. 
Further from (jl.Sp we have 

L[R[K]] g^ = gp^ R[K]x^,'' A d" A d"" 
i.e., the condition ()2.2|) is equivalent with g^ = 0. But, from p.4p . 

L[R[K]] g' = -L[[K,K]] g' = -2L[K]L[K]g\ 
Hence (Q is equivalent with L[K] L[K] g^ = 0. □ 
Lemma 2.3. The Schouten bracket 

[A[g,K],A[g,K]] : TE ^ IL*^ ^ A^TTE 
has the coordinate expression 

[A[g, K] , A[g, K]] = 2 g'"' {d^g^'^ - g'^'^ d^K^^) {d^ + d^) Ad, Ad, 
+ R[Kr^''d,Ad,Ad,, 
where we have set R[K]^'"' = g^P g^''' R[K]p„'' . 
Proof. We have 

i{ [A[g, KlA[g, K]]) P = 2 i{A[g, K]) di{A[g, K]) (5 

for any closed 3-form (5. 
Then 

[A[g, K] , A[g, K]] = 2 gP'' {d^g^'^ - g'^^ d^hy) d.AdpA 

+ (^g'^-' gP^ Rp^'' + 2 g^"" Kp^ {d^g^^ - g^^ d^K^^^ d^AdpA 

= 2 gP-' {dpg^^ - g''^ d^Kp^ (d, + 4) A dp Ad, 

+ R[K]^P''d,AdpAd,. □ 

Lemma 2.4. [A[g, K], A[g, K]] = if and only if the conditions (PTT|) and ()T^ are 
satisfied, i.e., if and only if the conditions ()2.3|) and ()2.4|) are satisfied. 
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Proof. From Proposition it follows that [A[g, K],A[g, K]] = if and only if 

(2.5) gP'' {dpg'^ - g^"^ d^K/) - g^^^ {d.g^'' + g"^ d^K,^) = 

(2.6) RlKf^"" + R[Kf'''' + RIKY''^' = . 

But by decreasing the indices in ()2.5|) we get from Sp^f^^ = —g^'^ g'^"^ dpg-ruj just fj2.ip and 
by decreasing indices in ()2.6p we get just ()2.2|) . □ 

Theorem 2.5. The metric g and a general spacetime connection K induce on TE natural 
symplectic and natural Poisson structures if and only if the conditions h2.^) and \2.4^ are 
satisfied. 

Proof. The regularity of g implies that T[g, K] and A[(7, K] are non degenerate. Lem- 
mas |23 EI21 and then imply that T[g^K] and h.[g,K] define symplectic and Poisson 
structures, respectively, if and only if ()2.3|) and ()2.4p are satisfied. □ 

2.2. Linear spacetime connection case. We assume a linear spacetime connection K. 

Lemma 2.6. Let X be a linear spacetime connection. T[g,K] is closed if and only if 
L[K]g'^ = Q. 

Proof. By Lemmas ITTl and YT^ T[a.K] is closed if and only if (IT!^ and are 
satisfied. But for a linear spacetime connection K the horisontal 2-form L[K] g" is linear. 
Moreover, for any linear horisontal r-form we have L[I](f) = (j), i.e., 

L[I] L[K] g' = L[K] gK 

Then the condition ()2.3|) is equivalent with L[K] g^ = which implies ()2.4|) . □ 

Remark 2.7. In Jlj we have proved that the spacetime 2-form T[g,K] is closed if and 
only if dxg = 0. By Remark ) 1.21 it coincides with Lemma f2.(i[ □ 

Lemma 2.8. Let i^" be a linear spacetime connection then [A[5f, i^], A[(7, iT]] = if and 
only if L[K]g^ = 0. 

Proof. It follows immediately. □ 

Theorem 2.9. Let K be a linear spacetime connection. Then the following identities are 
equivalent: 

(1) L[K] g' = 0. 

(2) dKg = 0. 

(3) dT[g,K] = 0. 

(4) [A[g,K],A[g,K]]=0. 

Proof. It follows from Remark fT^ and Lemmas EEl and EHl D 

Corollary 2.10. A linear spacetime connection K and the metric g induce on TE natural 
symplectic and Poisson structures if and only if dxg = = L[K] g^ . □ 
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Lemma 2.11. Let K he a linear spacetime connection then the following three identities 
are equivalent: 

(1) dKg = 0. 

(2) L[K] g' = 0. 

(3) {Vx9)iY,Z) - {Wy9KX,Z) = 2 g{T[K]{X,Y), Z) . 

Proof. (1) ^ (2). It follows immediately from Remark IT^ 
(1) <^ (3). Let us recall that for a linear connection K we have 

(2.7) 2 t[K] {X, Y) = VyX - VxY + [X, Y] . 

Then, by Remark I L 21 

{dKg){X, Y){Z) = {Vx9){Y, Z) + giVxY, Z) - (Vy^)(X, Z) - giVyX, Z) - g{\X, Y^Z) 
= {VxgW, Z) - (Vy^)(X, Z) + giVxY - VyX - [X, Y], Z) 
= {Vx9){Y, Z) - {Vyg){X, Z) -2g{r[K]{X, Y),Z). □ 

Corollary 2.12. If is a torsion free connection then dxg = = L[K]g^ is equivalent 
to (V x9)(Y, Z) = (Vy9){X, Z), i.e., for a torsion free linear connection the (0,3)-tensor 
field Vg is symmetric. □ 

Theorem 2.13. Let K be a linear torsion free spacetime connection. Then the following 
identities are equivalent: 

(1) Vg is a symmetric (0,3) -tens or field. 

(2) dT[g,K] = 0. 

(3) [k\g,Klk[g,K]]=Q. 

Proof. By CoroUarv 12. 121 for a linear torsion free connection the identity dxg = = 
L[K\ g^ is equivalent with Vg to be fully symmetric. □ 

Corollary 2.14. A linear torsion free spacetime connection K and the metric g induce 
on TE natural symplectic and Poisson structures if and only if the covariant differential 
Vg is a symmetric (0,3)-tensor field. □ 

Remark 2.15. Let us assume the torsion free space time metric connection K[g] given 
by the Cristtoffel symbols p.3p . Then Vg = (i.e. symmetric) and we have the canonical 
natural symplectic and Poisson structures on TE given by T[g] = T^g, K[g]j and A[g] = 
A^g, K[g]y Moreover, in the metric case, T[g] = dg^. □ 
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